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Abstract--New oscillation criteria are given for a second order nonlinear functional differential 
equation 
(~(t)~(t))' +6p(t)='[~,(t)] - q(t)l:da(t)ll x ssn=~(t)] =o, 
where 6 = 4-1 and A > 0. 
1. INTRODUCTION 
Consider the damped functional differential equation 
(a(t)x(t) )' + 6 p(t) z'[a(t)] - q(t)lz[g(t)]l x sgn zig(t)] = 0, (E; 6) 
where df = 4-1, A > 0, a,p,q:  [t0, co) ~ [0, co) and a,g:  [t0,co) ~ R = ( -co,co)  are continuous, 
a(t) > 0 for t > to, q(t) is not identically zero on any ray of the form [t*, co) for some t* > to > 0, 
lim a(t) = co and lim g(t) = co. 
l.--* OO t --.* C:O 
We restrict our attention to solutions of equation (E; 6) which exist on some ray of the form 
[to,co), where to > 0 may depend on the particular solution. Such a solution is said to be 
oscillatory if it has arbitrarily large zeros. Equation (E; ~f) is called oscillatory if all such solutions 
are oscillatory. 
In the study of the behavioral properties of the solutions of the functional differential equations 
of the form 
(a(t)x,(t)),=ql(t)lx[gl(t)]lXlsgnx[gl(t)], (, d )  = -~ , (E ' )  
where A1 > 0, a,gl,ql : [t0,co) --* co are continuous, a(t) > 0 and ql(t) _> 0 for t _> to 
and lim El(t) = co, many criteria exist (see, for example, [1-4] and refernces cited therein). 
t--*Oo 
Kitamura [1] obtained many criteria for the oscillatory and asymptotic behavior of equation (E*) 
and also for more general higher order functional differential equations. An oscillation criterion 
for the linear equation (i.e., when A1 = 1) is given in [2] for the case when the argument gl is of 
the mixed type. For the superlinear equation (A1 > 1) or for the sublinear equation (A1 < 1), it 
appears that a complete oscillation criterion for equation (E*) does not exist. However, for the 
mixed type equation 
(a(t)z'(t))' = ql(t)lz[gl(t)]] x' sgn z[gl(t)] + q2(t)lz[g2(t)]l x= sgn z[g2(t)], (E**) 
where a,gl,ql  are as in equation (E*), g~,q2 : [t0, co) are continuous, q2(t) > 0 for t > to and 
lim g2(t) = co, a sufficient condition for the oscillation is provided in [1] when 0 < A1 < 1 < Az, 
t---* OO 
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argument gl is either retarded or of mixed type and g2 is either advanced or of mixed type. 
Recently, Grace et al. [5-7] obtained some criteria for the oscillation of equation (E; 6) where 
q(t) < 0 for t > to and a(t) = t. It appears that none of the existing criteria in the literature 
covers equation (E; ~). Therefore, the purpose of this note is to introduce the middle term or 
the "damping term" with deviating argument and establish some new oscillation criteria for the 
equation (E; 6). 
2. OSCILLAT ION OF SUPERL INEAR EQUATION (E; 1) 
We need the following lemma due to Koplatdze and Chantuija [8]: 
LEMMA 2.1. Consider the differential inequality 
~' (t) + b(t) u[~(t)] _> 0, (,) 
where o', b : [to, oo) ~ R, b(t) > 0 and a(t) < t for t > to > 0 and lim a(t) = c~. I f  
t ---* CO 
1 
l iminf [= b(s )  ds  > - 
t--.oo Jq(o e' 
then inequality (.) has no eventually negative solution. 
The following notations will be used in the sequel: for every T > to and t > s > T, we let 
a[t, 7'] = exp a -~ ' 
f t 1 (a[u,T])Z_x du, ~[t,s] = -~  
m a = {t E It,co): g(t) > t}, 
and 
R9 = {t ~ [to, ~) :  g(t) < t}. 
Now we prove the following theorem. 
THEOREM 2.1. Suppose that A > 1 
a ( t )<t ,  ~' ( t )>O andp' ( t )>O,  fo r t>to  (2.1) 
and 
/ f  
f P( ) 1 l im in f / '  s ~r'(s) ds > - .  
, -~  j . ( , )  a[~(s)] e 
(2.2) 
~, ~[g(s), ~] q(~) d~ = (2 .3)  00, 
then equation (E; 1) is oscillatory. 
PROOF. Let x(t) be a nonoscillatory solution of equation (E; 1), say x(t) > 0 and =[g(t)] > 0 for 
t _~ to. We consider the following three cases: 
CASE 1. Assume that z~(t) is oscillatory. Then there exists a tl _~ to such that z~[~(tl)] = 0. 
! ! 
However, from equation (E; 1) we have (a(t)x (t))I~=:1 > 0, from which it follows that x~(t) 
cannot have another zero after it vanishes once. Thus z~(t) is of fixed sign for all t _> t2 > tl. 
Next, we consider: 
CASE 2. Suppose that 
='(t) < 0, for t > t2. (2.4) 
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Then 
(a(t) x(t))' -I- p(t) x'[o'(t)] >_ 0, for t >_ t2. 
Set w(t) = a(t)x'(t) ,  for t > t2. Then 
p(t) a'(t~ _ _ (2.5) w'(t) + ,,[,,(t)] , ,  w[~(t)] > 0, for t > t~. 
Applying Lemma 2.1 with b(t) = (p(t)/a[o(t)])a'(t), we note that inequality (2.5) has no even- 
tually negative solution. This contradicts (2.4). Finally we consider: 
CASE 3. Let #( t )  > 0 for t > t2. Integrating equation (E; 1) from t2 to s, s > t2, we get 
a(s)z'(s) - a(t2)z'(t2) -t- p(u) z[a(u)] du -- q(u)(z[g(u)]) x du = O, 
i . e .  I 
a(s)z'(s) + p(s)x[~,(s)l = a(t2)x'(t2) + p(t2)x[~(t2)l + p'(u)z[e(u)l du + q(u) 0,[0(.)1) ~' d,,. 
Using (2.1) we get 
.(s) x'(s) + p(s) ~(s) ~ q(u)(~[g(u)l) ~ eu, 
or  
o r  
o r  
p(s) , , 1 ftl • '(s) + ~. ts )  > ~ q(.)(.[g(~)])~ d., 
((J,, ) ) 'p(u) ' 1 (expf '  p(u)du'~ q(u)(xtgCu)]) x du, exp ~d, ,  x(s) _>a-~,,  .,,~a ,,) ) 
, ~[s,t~] i  (a[s, t2]z(s)) >_ a(s-----~ q(u)(z[g(u)])X du" 
We divide the above inequality by (a[s,t2]x(s)) x and get 
/-,- (~[s,t~]~(s))' > q(O a.. 
(,~[s,t~]x(s)) ~'-  J,~ a(s) \ ~,(s) ] 
Choose a t3 > t2 and define 
T = max{t3, max{g(t) : T < t < t3}}. 
After integrating (6) from t2 to T, we obtain 
f,~ f,i (~[s't~])I-~ (x[o(,,)]~ ' /atr,t~]:(T) y -X  dY  > q(u) duds 
• '=( '~) - a(s) \ x(s) ] 
= .(s) q(") \ x(s) ) 
-> f-.°[,,,,,3 .. ~(s) '(") (~)]) 
2S:$-g 
A 
ds du, 
(2.s) 
11o 
where Y = a[s, t2]z(s). Since 
x[g(.)]) 
x(,) 
it follows that 
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>_ 1 for t2<_s<_g(t) and t>t2, 
/ __a[Tt~]z(T) Y-'~ dY > q(u) a(s) ds du 
J=(t2) gnl,2 ,s) 
= [ fl[g(u), u]q(u) du, 
JA gn[t2,t3] 
which implies that 
ulq(,O au _< dY < 
,n[t2 oo) (t2) 
This contradicts (2.3) and hence the proof is complete. 
The following example is illustrative. 
EXAMPLE 2.1. Consider the following functional differential equation: 
V~ x(t) + V~ d x[~,/~'] - e2'zz[t + sin t] = 0, 
Since 
t0>0.  
we obtain 
a ( t )=V~,  p( t )=V~,  a ( t )=V~,  q(t)=e 2t and g(t)=t+sint, 
(El) 
A 9 = Un°°=o (2n~r, (2n + 1)~r). 
We can easily calculate that 
a[t, T] = exp(t - T), 
1 [1 - exp(-2 sin t)] exp ( -  2(t - T)), 3[t + sin t, t] = 
for all large values of T with t > T > 0 and 
fA e2T ~ /(2"+I)'r (I - exp(-2sin u)) du" 3[u + sin u, u]q(u) du = T J2n,~ 
All conditions of Theorem 2.1 are satisfied and hence equation (El) is oscillatory. We believe 
that none of the known oscillation criteria covers this equation. 
REMARKS. 
1. The conclusion of Theorem 2.1 is valid only if the deviating argument g is either advanced 
or of mixed type. The Theorem 2.1 is not applicable to equations of the type (E; 1) when g 
is retarded (i.e., when Ag is empty). 
2. The damping term p and the retarded argument ~r play an important role in the study of 
the oscillatory behavior of equation (E; 1), and the result fails if either a is not retarded 
or if p = 0. 
3. If p ~ 0, then condition (3) takes the form 
fa  (g(8) - = s) q(s) ds 
g 
This condition alone is not enough to ensure the oscillation of equation (E; 1) in the 
absence of damping. Thus, the presence of damping affects the oscillatory behavior of 
equation (E; 1). 
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3. OSCILLAT ION OF SUBL INEAR EQUATION (E ; -1 )  
The following lemma is needed in the proof of our main result of this section. For its proof, 
see [8,9]. 
LEMMA 3.1. Consider the differential inequality 
w'(t) - c(t) w[~(t)] _> 0, (**) 
where  ~, c : [to, co)  --. n ,  ~(t) >_ 0 and ~( t )  _> t rot t ___ to > 0. I f  
fa(t) 1 
l itm~f J ,  c(s) ds > -'e 
then inequality (**) has no eventually positive solution. 
For the sake of convenience, we introduce the following notations: for every T >_ to and 
t > s > T, we let 
~*[t,73 = exp - a -~ ' 
f ' 1 (~ . [u ,  T I ) I -~  du. ~" [t, s] = -~ 
We prove the following theorem. 
THEOREM 3.1. Assume that 0 < A < 1, 
~r(t)>t,  ~r ' ( t )>0 and / ( t )<0,  t>to ,  (3.1) 
re(t) 1 lim~fj, p(s) ~'(s)ds > - (3.2) 
a[~( , ) ]  e' 
/R l~*[s,9(s)] q(s) ds = (3.3) oo, 
g 
then equation (E ; -1 )  is oscillatory. 
PROOF. Let z(t) be a nonoscillatory solution of equation (E ; -1 ) ,  say z(t) > 0 and x[q(t)l > 0 
for t E to. In case z'(t) is oscillatory, there exists a tl E to such that ~x[~(t)]  = 0 for t = t~. 
i I From equation (E ; -1 ) ,  we note that (a(t)z (t)) It=to E 0, which implies that z'(t) cannot have 
another zero after it vanishes once. 
that 
From equation (E ; -1 ) ,  we have 
Thus, x'(t) is of fixed sign for all t > t2 > t,. Now suppose 
x'(t) > 0 for t > t2. (3.4) 
(a(t) z'(t)) '  - p(t) z'[tr(t)] > 0, for t > t~. 
Let u(t) = a(t)z'(t) for t > t2. Then 
u'(t) p(t) ~'(t)u[tt(t)] > 0, for t > t2, 
aid(t)]  - - 
which by Lemma 3.1 has no eventually positive solution. This contradicts (3.4). Finally, we let 
x'(t) < 0 for t > t2. Choose ts, t4, t9. < t3 <_ t4 so large that 
inf{g(t) :t > ts} > t2 and inf{min{t,g(t)} : t > t4} > ts. 
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Integrating equation (E ; -1 )  from s to t4, t4 ~ s >_ to, we get 
--(a(s) x'(s) -- p(s) x[a(s)]) = -- a(t4) x'(t4) + p(t4) x[~r(t4)] 
- ]" + J" 
Now we use (3.1) and obtain 
(~'[s, to ] / "  - (." [s, to] =(s))' > ~ q(.)(x[g(.)])~ d.. 
Dividing the above inequality by (a* [s, t] x(s))x and integrating over [to, t4], we have 
f[ , (,, '[s, to] , (s)) '  (,," [,, to] =(s)) ~ 
from which it follows that 
/2'  ">ff [,,,,~1~(,,) - a(s) 
~ ' (~'[s,t0]) 1-~ (~Lq(~)]~ ds >_ a(s) q(u) k x(s) ] duds, 
('[g(")] ~ ~ dad,, q(u)\  .(s) ] 
£ ],° (~'Cs,toD '-~ (~(u)1~ ~ 
> a(s) q(u) dsdu. - .,,t,.,,.l (.) \ ~(s) / 
Since 
we see that 
(=[g(.)]) 
x(s) > 1 for t>t3 ,  
Letting t4 --+ oo, we conclude that 
JR xl-A 
.nt,~,oo) ~'["' g(")] q(u) d. < 1 ---:-S < oo ,  
which contradicts (3.3). This completes the proof. 
The following example is illustrative: 
EXAMPLE 3.1. Consider the second order equation 
d (_~t dz(t) 1 d z[t2]_e2/3zUs[t+sint]=O, to>0.  
-~ -~ v~dt 
Here 
Thus, we have 
1 a(t)=--W. =p(t), a(t)=t 2, q(t)=e 2'/3, g(t)=t+sint. 
V~ 
R 9 = U~= I ((2m + 1)Tr, 2(m + 1)~r) 
and for all large T with t >_ T > 0 
a*[t, T] = exp(- ( t  - T)), 
#'[t,t +sint]= (2eZrlZ) (e-ZqZ) (exp (-2sint)  - I) . 
(E2) 
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Since 
3e2T/3 ~ [2(m-I -1)(exp ( - -~s inu) -  1 )du :oo ,  /R, ~*[u'u+sinu]q(u)du = 2 m=lJ(2m+l) 
all conditions of Theorem 3.1 axe satisfied and hence, equation (E2) is oscillatory. 
We believe that none of the existing oscillation criteria covers this equation. 
REMARKS. 
1. The damping coefficient p and the advanced argument # play an important role in the 
study of the oscillatory character of equation (E;-1), and the criteria fail if ~ is not 
advanced or if p - 0. 
2. The result of this this section is applicable to equations of the form (E; - 1) if the deviating 
argument g is either retarded or of mixed type, and it is not applicable if g is an advanced 
argument, i.e., if Rg = 0. 
3. In view of Theorem 3.1, one can say that a complete oscillation characterization can be 
made for for a class of equations of the type (E;-1). 
4. If p -- 0, the Condition (3.3) takes the form fng (s- 9(s))q(s)ds : cx~. This condition 
alone is not enough to ensure the oscillation of equation (E ; -  1) in the absence of the 
damping term. Thus, the presence of the damping term affects the oscillatory character 
of equation (E; -1) .  
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